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DISKS AREA-MINIMIZING IN MEAN CONVEX
RIEMANNIAN n-MANIFOLDS
EZEQUIEL BARBOSA AND FRANCIELE CONRADO2
Abstract. We prove an inequality involving a mean of the area
and the length of the boundary of immersed disks whose bound-
aries are homotopically non-trivial curves in an oriented compact
manifold which possesses convex mean curvature boundary, posi-
tive escalar curvature and admits a map to D2 × T n with nonzero
degree. We also prove a rigidity result for the equality case. This
can be viewed as a partial generalization of a result due to Lucas
Ambro´zio in [1] to higher dimensions.
1. Introduction
In a very recent paper Bray, Brendle and Neves [2] proved an elegant
rigidity result concerning to an area-minimising 2-sphere embedded in
a closed 3-dimensional manifold (M3, g) with positive scalar curvature
and pi2(M) 6= 0. In that work, they showed the following result. De-
note by F the set of all smooth maps f : S2 → M which represent a
nontrivial element in pi2(M). Define
A(M, g) = inf{Area(S2, f ∗g) : f ∈ F} .
If Rg ≥ 2, the following inequality holds:
A(M, g) ≤ 4pi ,
where Rg denote the scalar curvature of (M, g). Moreover, if the equal-
ity holds then the universal cover of (M, g) is isometric to the standard
cylinder S2×R up to scaling. For more results concerning to rigidity of
3-dimensional closed manifolds coming from area-minimising surfaces,
see [3], [4], [5], [6], [8]. In [10], J. Zhou showed a version of Bray, Brendle
and Neves [2] result for high co-dimension: for n+2 ≤ 7, let (Mn+2, g)
be an oriented closed Riemannian manifold with Rg ≥ 2, which admits
a non-zero degree map F : M → S2 × T n . Then A(M, g) ≤ 4pi. Fur-
thermore, the equality implies that the universal covering of (Mn+2, g)
is S2 × Rn.
2 Partially supported by CNPq.
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In the same direction, consider a 3-dimensional Riemannian man-
ifold with non-empty boundary (M3, ∂M, g). Let FM be the set of
all immersed disks in M whose boundaries are curves in ∂M that are
homotopically non-trivial in ∂M . If FM 6= ∅, we define
A(M, g) = inf
Σ∈FM
|Σ|g e L(M, g) = inf
Σ∈FM
|∂Σ|g
In the paper [1], L. C. Ambro´zio proved the following result.
Theorem 1.1. Let (M, g) be a compact Riemannian 3-manifold with
mean convex boundary. Assume that FM 6= ∅. Then
(1.1)
1
2
inf RMg A(M, g) + infH
∂M
g L(M, g) ≤ 2pi.
Moreover, if equality holds, then universal covering of (M, g) is isomet-
ric to (R×Σ0, dt
2+g0), where (Σ0, g0) is a disk with constant Gaussian
curvature 1
2
inf Rg and ∂Σ0 has constant geodesic curvature infH
∂M
g in
(Σ0, g0).
A question that arises here is the following: Is it possible to obtain
similar result for high co-dimension? Unfortunately, a general result
cannot be true as we can see with the following example. Consider
(M, g) = (S2+(r) × S
m(R), h0 + g0), where (S
2
+(r), h0) is the half 2-
sphere of radius r with the standard metric, and (Sm(R), g0) is the
m-sphere of radius R with the standard metric, m ≥ 2. This case, we
have that
1
2
inf RMg A(M, g) + infH
∂M
g L(M, g) > 2pi.
On the other hand, consider (M, g) = (S2+(r) × T
m, g0 + δ), where
(Tm, δ) is the flat m-torus, m ≥ 2. Note that the equality holds in
(1.1). However, we can see that in this case the universal covering of
(M, g) is isometric to (S2+(r) × R
m, g0 + δ0), where δ0 is a standard
metric in Rm.
In the first example above, note that there is no map F : (M, ∂M) →
(D2×T n, ∂D2×T n) with non-zero degree. However, this is a condition
that we need in order to obtain a similar result as in [1]. Our main
result of this work is the following.
Theorem 1.2. Let (M, ∂M, g) be a Riemannian (n+2)-manifold, 3 ≤
n + 2 ≤ 7, with positive scalar curvature and mean convex boundary.
Assume that there is a map F : (M, ∂M)→ (D2 × T n, ∂D2 × T n) with
non-zero degree. Then,
(1.2)
1
2
inf RMg A(M, g) + infH
∂M
g L(M, g) ≤ 2pi.
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Moreover, if the boundary ∂M is totally geodesic and the equality holds
in (1.2), then universal covering of (M, g) is isometric to (Rn×Σ0, δ+
g0), where δ is the standard metric in R
n and (Σ0, g0) is a disk with con-
stant Gaussian curvature 1
2
inf RMg and ∂Σ0 has null geodesic curvature
in (Σ0, g0).
Acknowledgments. The first author was partially supported by CNPq-
Brazil (Grant 312598/2018-1). The second author was partially sup-
ported by CAPES-Brazil (Grant 88882.184181/2018-01) and CNPq-
Brazil (Grant 141904/2018-6).
2. Free boundary minimal k-slicings
All the manifolds considered here are compact and orientable.
2.1. Definition and Examples. Let (M, ∂M, g) be a Riemannian n-
manifold. Assume there is a properly embedded free-boundary smooth
hypersurface Σn−1 ⊂ M which minimizes volume in (M, g). Choose
un−1 > 0 a first eigenfunction for the second variation Sn−1 of the
volume of Σn−1 in (M, g). Define ρn−1 = un−1 and the weighted volume
functional Vρn−1 for hypersurfaces of Σn−1,
Vρn−1(Σ) =
∫
Σ
ρn−1dvΣ,
where dvΣ is the volume form in (Σ, g). Assume there is a properly em-
bedded free-boundary smooth hypersurface Σn−2 ⊂ Σn−1 which mini-
mizes the weighted volume functional Vρn−1 . Choose a first eigenfunc-
tion un−2 > 0 for the second variation Sn−2 of the weighted volume
functional Vρn−1 in Σn−2. Define ρn−2 = ρn−1un−2. Assume that we
can keep doing this, inductively. Hence, we obtain a family of free-
boundary minimal smooth submanifolds
Σk ⊂ Σk+1 ⊂ · · · ⊂ Σn−1 ⊂ (Σn, g) := (M, g),
which was constructed by choosing, for each j ∈ {k, · · · , n − 1}, a
properly embedded free-boundary smooth hypersurface Σj ⊂ Σj+1
which minimizes the weighted volume functional Vρj+1 , where ρj+1 :=
ρj+2uj+1 = uj+1uj+2 · · ·un−1. We call such family of free-boundary
minimal hypersurfaces a free-boundary minimal k-slicing in (M, g).
Example 2.1. Let (N, ∂N, g) be a k-dimensional Riemannian mani-
fold. Consider the following n-dimensional Riemannian manifold (N ×
T n−k, g + δ), where δ is the flat metric on the torus T n−k. The family
of smooth hypersurfaces
N ⊂ N × S1 ⊂ N × T 2 ⊂ · · · ⊂ N × T n−k−1 ⊂ (N × T n−k, g + δ),
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where ρj ≡ uj ≡ 1, for every j = k, · · · , n − 1, is a free-boundary
minimal k-slicing in (N × T n−k, g + δ).
2.2. Geometric formulas for free-boundary minimal k-slincing.
Let (M, ∂M, g) be a Riemannian n-manifold. Consider a free-boundary
k-slicing in M :
Σk ⊂ · · · ⊂ Σn−1 ⊂ (Σn, g) := (M, g).
Notation:
• Rj := Scalar curvature of (Σj , g).
• νj := Unit vector field of Σj in (Σj+1, g).
• Bj := Second fundamental form of Σj in (Σj+1, g).
• Hj := Mean curvature of Σj in (Σj+1, g)
• ηj := Outward unit smooth vector field on the boundary ∂Σj in
(Σj , g).
• B∂Σj := Second fundamental form of ∂Σj in (Σj , g) with respect
to ηj .
• H∂Σj := Mean curvature of ∂Σj in (Σj , g) with respect to ηj .
Remark 2.2. Since Σj is a free-boundary hypersurface in (Σj+1, g),
for every j = k, · · · , n− 1, we have that
(1) ηj = ηp in ∂Σj , for every p ≥ j.
(2) H∂Σj = H∂Σj+1 − B∂Σj+1(νj, νj) = H
∂M −
n−1∑
p=j
B∂Σp+1(νp, νp).
For each j ∈ {k, · · · , n− 1}, define on Σj × T
n−j a metric
gˆj = g +
n−1∑
p=j
u2pdt
2
p.
Note that, for every hypersurface Σ ⊂ Σj+1, we obtain
V ol(Σ× T n−j−1, gˆj+1) =
∫
Σ
ρj+1dvj = Vρj+1(Σ).
Since Σj is a free-boundary hypersurface of Σj+1 which minimizes
the weight volume functional Vρj+1, we have that Σj ×T
n−j−1 is a free-
boundary hypersurface which minimizes volume in (Σj+1×T
n−j−1, gˆj+1).
We define
Σˆj = Σj × T
n−j e Σ˜j = Σj × T
n−j−1.
Notation:
• B˜j := Second fundamental form of Σ˜j in (Σˆj+1, gˆj+1).
• R˜j := Scalar curvature of (Σ˜j , gˆj+1).
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• Rˆj := Scalar curvature of (Σˆj , gˆj)
• Bˆj := Second fundamental form of ∂Σˆj in (Σˆj , gˆj) with respect
to ηj .
• Hˆj := Mean curvature of ∂Σˆj in (Σˆj , gˆj) with respect to ηj .
Lemma 2.3. We have that
B˜j = Bj −
n−1∑
p=j+1
upνj(up)dt
2
p.
In particular,
|B˜j|
2 = |Bj|
2 +
n−1∑
p=j+1
(νj(log up))
2.
Lemma 2.4. We have that
Bˆj = B
∂Σj −
n−1∑
p=j
upηj(up)dt
2
p.
In particular,
Bˆj+1(νj, νj) = B
∂Σj+1(νj , νj).
Denote by Sj the second variation for weight volume functional Vρj+1
on Σj and S˜j the second variation for volume functional of Σ˜j in
(Σˆj+1, gˆj+1). Note that Sj(ϕ) = S˜j(ϕ), for every ϕ ∈ C
∞(Σj). It
follows that
Sj(ϕ, ϕ) =
∫
Σj
(|∇jϕ|
2 − cjϕ
2)ρj+1dvj −
∫
∂Σj
ϕ2B∂Σj+1(νj , νj)ρj+1dσj
= −
∫
Σj
ϕL˜j(ϕ)ρj+1dvj +
∫
∂Σj
ϕ
(
∂ϕ
∂ηj
− ϕB∂Σj+1(νj, νj)
)
ρj+1dσj
for every ϕ ∈ C∞(Σj), where L˜j : C
∞(Σj) → C
∞(Σj) is a differential
operator given by L˜(ϕ) = ∆˜jϕ + cjϕ, where ∆˜j denote the Laplacian
operator of (Σ˜j , gˆj+1) and cj :=
1
2
(Rˆj+1 − R˜j + |B˜j|
2). Here, dvj and
dσj are the volume forms of (Σj , g) and (∂Σj , g), respectively.
Consider λj the firt eingevalue of Sj associeted the first eigenfunction
uj. We have that,
(2.1)


L˜j(uj) = −λjuj on Σj
∂uj
∂ηj
= ujB
∂Σj+1(νj , νj) on ∂Σj
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Lemma 2.5. For every j ≤ p ≤ n− 1 , we have that, in ∂Σj,
B∂Σp+1(νp, νp) = 〈∇j log up, ηj〉.
Proof. It follows from (2.1) that, in ∂Σp,
B∂Σp+1(νp, νp) =
1
up
∂up
∂ηp
= 〈∇p log up, ηp〉,
for every p = k, · · · , n− 1. Consider j ≤ p ≤ n− 1. Note that, in ∂Σj ,
B∂Σp+1(νp, νp) = 〈∇p log up, ηj〉,
because we have ηp = ηj in ∂Σj (see remark 2.2). In Σj , we can write
∇p log up = ∇j log up +
p−1∑
l=j
〈∇p log up, νl〉νl.
Hence, in ∂Σj , we have that
B∂Σp+1(νp, νp) = 〈∇j log up, ηj〉+
p−1∑
l=j
〈∇p log up, νl〉〈νl, ηj〉.
However, we have ηj ⊥ νl in ∂Σj , for every j ≤ l ≤ n− 1. Therefore,
B∂Σp+1(νp, νp) = 〈∇j log up, ηj〉

Lemma 2.6 (Schoen and Yau). For k ≤ j ≤ n− 1, we have that
R˜j = Rj − 2
n−1∑
p=j+1
u−1p ∆jup − 2
∑
j+1≤p<q≤n−1
〈∇j log up,∇j log uq〉.
Equivalently,
R˜j = Rj − 4ρ
− 1
2
j+1∆j(ρ
1
2
j+1)−
n−1∑
p=j+1
|∇j log up|
2.
Lemma 2.7. For k ≤ j ≤ n− 1, we have that
Rˆj = Rj − 2
n−1∑
p=j
u−1p ∆jup − 2
∑
j≤p<q≤n−1
〈∇j log up,∇j log uq〉
= Rˆj+1 + |B˜j|
2 + 2λj
= RM +
n+1∑
p=j
|B˜p|
2 + 2
n+1∑
p=j
λp.
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Proposition 2.8. If RM > 0 and H∂M ≥ 0 then
4
∫
Σj
|∇jϕ|
2dvj > −2
∫
∂Σj
ϕ2H∂Σjdσj −
∫
Σj
ϕ2Rjdvj,
for every ϕ ∈ C∞(Σj) and j = k, · · · , n− 1.
Proof. Since Σj minimizes the weighted volume functional Vρj+1, we
have that Sj(ϕ) ≥ 0, for every ϕ ∈ C
∞(Σj). It follows that,
4
∫
Σj
|∇jϕ|
2ρj+1dvj ≥ 2
∫
Σj
cjϕ
2ρj+1dvj+2
∫
∂Σj
ϕ2B∂Σj+1(νj , νj)ρj+1dσj ,
for every ϕ ∈ C∞(Σj). Since R
M > 0, from lemma 2.7, we have that
Rˆi > 0, for every k ≤ i ≤ n− 1. It follows from the lemma 2.6 that
2cj > −Rj + 4ρ
− 1
2
j+1∆j(ρ
1
2
j+1)
Thus,
4
∫
Σj
|∇jϕ|
2ρj+1dvj > −
∫
Σj
Rjϕ
2ρj+1dvj + 4
∫
Σj
ρ
1
2
j+1∆j(ρ
1
2
j+1)ϕ
2dvj
+2
∫
∂Σj
ϕ2B∂Σj+1(νj, νj)ρj+1dσj,
for every ϕ ∈ C∞(Σj). Replacing ϕ by ϕρ
− 1
2
j+1 at the last inequality, we
obtain that
4
∫
Σj
|∇j(ϕρ
− 1
2
j+1)|
2ρj+1dvj > −
∫
Σj
Rjϕ
2dvj + 4
∫
Σj
ρ
− 1
2
j+1∆j(ρ
1
2
j+1)ϕ
2dvj
+2
∫
∂Σj
ϕ2B∂Σj+1(νj , νj)dσj .
Observe that
∇j(ϕρ
− 1
2
j+1) = ϕ∇jρ
− 1
2
j+1 + ρ
− 1
2
j+1∇jϕ
This implies que,
|∇j(ϕρ
− 1
2
j+1)|
2 = ρ−1j+1|∇jϕ|
2 + ϕ2|∇jρ
− 1
2
j+1|
2 + 2ϕρ
− 1
2
j+1〈∇jρ
− 1
2
j+1,∇jϕ〉
Thus,
ρj+1|∇j(ϕρ
− 1
2
j+1)|
2 = |∇jϕ|
2 + ϕ2ρj+1|∇jρ
− 1
2
j+1|
2 + 〈∇j log ρ
− 1
2
j+1,∇j(ϕ
2)〉
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Using integration by parts, we have that∫
Σj
〈∇j log ρ
− 1
2
j+1,∇j(ϕ
2)〉dvj = −
∫
Σj
ϕ2∆j log ρ
− 1
2
j+1dvj
+
∫
∂Σj
ϕ2
∂(log ρ
− 1
2
j+1)
∂ηj
dσj
= +
∫
Σj
ϕ2ρ
− 1
2
j+1∆jρ
1
2
j+1dvj
−
∫
Σj
ϕ2|∇j log ρ
1
2
j+1|
2)dvj
−
1
2
∫
∂Σj
ϕ2〈∇j log ρj+1, ηj〉dσj
= −
∫
Σj
ϕ2|∇j log ρ
1
2
j+1|
2dvj
+
∫
Σj
ϕ2ρ
− 1
2
j+1∆jρ
1
2
j+1dvj
−
1
2
∫
∂Σj
ϕ2〈∇j log ρj+1, ηj〉dσj
Then,
4
∫
Σj
ρj+1|∇j(ϕρ
− 1
2
j+1)|
2dvj = 4
∫
Σj
|∇jϕ|
2dvj
+ 4
∫
Σj
ϕ2ρj+1|∇jρ
− 1
2
j+1|
2dvj
− 4
∫
Σj
ϕ2|∇j log ρ
1
2
j+1|
2dvj
+ 4
∫
Σj
ϕ2ρ
− 1
2
j+1∆jρ
1
2
j+1dvj
− 2
∫
∂Σj
ϕ2〈∇j log ρj+1, ηj〉dσj
Since,
∇jρ
− 1
2
j+1 = −ρ
−1
j+1∇jρ
1
2
j+1,
we obtain that
ρj+1|∇jρ
− 1
2
j+1|
2 = |∇j log ρ
1
2
j+1|
2.
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This implies that
4
∫
Σj
ρj+1|∇j(ϕρ
− 1
2
j+1)|
2dvj = 4
∫
Σj
|∇jϕ|
2dvj
+ 4
∫
Σj
ϕ2ρ
− 1
2
j+1∆jρ
1
2
j+1dvj
− 2
∫
∂Σj
ϕ2〈∇j log ρj+1, ηj〉dσj
Consequently,
4
∫
Σj
|∇jϕ|
2dvj > 2
∫
∂Σj
ϕ2
(
B∂Σj+1(νj , νj) + 〈∇j log ρj+1, ηj〉
)
dσj
−
∫
Σj
Rjϕ
2dvj
Since H∂Mg ≥ 0, from the remark 2.2 and lemma 2.5 that
4
∫
Σj
|∇jϕ|
2dvj > 2
∫
∂Σj
ϕ2
(
n−1∑
p=j
B∂Σp+1(νp, νp)
)
dσj −
∫
Σj
Rjϕ
2dvj
= 2
∫
∂Σj
ϕ2
(
H∂Mg −H
∂Σj
)
dσj −
∫
Σj
Rjϕ
2dvj
≥ −2
∫
∂Σj
ϕ2H∂Σjdσj −
∫
Σj
Rjϕ
2dvj
Therefore,
4
∫
Σj
|∇jϕ|
2dvj > −2
∫
∂Σj
ϕ2H∂Σjdσj −
∫
Σj
ϕ2Rjdvj,
for every ϕ ∈ C∞(Σj). 
Theorem 2.9. Let (M, ∂M, g) be a n-dimensional Riemannian man-
ifold such that RM > 0 and H∂M ≥ 0. Consider the free boundary
minimal k-slicing in (M, g)
Σk ⊂ · · · ⊂ Σn−1 ⊂ Σn = M.
Then:
(1) The manifold Σj has a metric with positive scalar curvature and
minimal boundary, for every 3 ≤ k ≤ j ≤ n− 1.
(2) If k = 2, then the connected components of Σ2 are disks.
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Proof. (1) Consider j ∈ {k, · · · , n − 1}, here k ≥ 3. It follows from
Proposition 2.8 that
−4kj
∫
Σj
|∇jϕ|
2dvj < 2kj
∫
∂Σj
ϕ2H∂Σjdσj + kj
∫
Σj
ϕ2Rjdvj ,
for every ϕ ∈ C∞(Σj) such that ϕ 6≡ 0 and kj =
j−2
4(j−1)
> 0. This
implies that∫
Σj
|∇jϕ|
2dvj+2kj
∫
∂Σj
ϕ2H∂Σjdσj+kj
∫
Σj
ϕ2Rjdvj > (1−4kj)
∫
Σj
|∇jϕ|
2dvj,
for every ϕ ∈ H1(Σj) such that ϕ 6≡ 0. It follows that
λj = inf
06≡ϕ∈H1(Σj)
∫
Σj
|∇jϕ|
2dvj + 2kj
∫
∂Σj
ϕ2H∂Σjdσj + kj
∫
Σj
ϕ2Rjdvj∫
Σj
ϕ2dvj
> 0.
Therefore, there exists a metric in Σj with positive scalar curvature
and minimal boundary.
(2) From proposition 2.8 we have that
4
∫
Σ2
|∇2ϕ|
2dv2 > −2
∫
∂Σ2
ϕ2H∂Σ2dσ2 − 2
∫
Σ2
ϕ2Kdv2,
for every ϕ ∈ C∞(Σ2) such that ϕ 6≡ 0, because R2 = 2K2, where K2
is the Gaussian curvature of (Σ2, g). In particular, for ϕ ≡ 1 we have
that
(2.2)
∫
∂Σ2
H∂Σ2dσ2 +
∫
Σ2
Kdv2 > 0.
Let S be a connected component of Σ2. From inequality (2.2) and
from Gauss-Bonnet theorem, we have that χ(S) > 0. Therefore S is a
disk.

3. Proof of inequality
Proposition 3.1. There is a free boundary minimal 2-slicing
Σ2 ⊂ Σ3 ⊂ · · · ⊂ Σn+1 ⊂ (M, g),
such that Σk is connected and the map Fk := F |Σk : (Σk, ∂Σk) →
(D2×T k−2, ∂D2×T k−2) has non-zero degree, for every k = 2, · · · , n+1.
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Proof. Without loss of generality,we assume that F is a smooth func-
tion. Consider the projection pj : D
2 × T j → S1 given by
pj(x, (t1, · · · , tj)) = tj ,
for every x ∈ Σ and (t1, · · · , tj) ∈ T
j = S1 × · · · × S1.
We will start constructing the manifold Σn+1. For this, define fn =
pn ◦ F. It follows from the Sard’s Theorem that there is θn ∈ S
1 which
is a regular value of fn and ∂fn. Define
Sn+1 := f
−1
n (θn) = F
−1(D2 × T n−1 × {θn}).
Note that Sn+1 ⊂ M is a properly embedded hypersurface which
represents a non-trivial class in Hn+1(M, ∂M) and
F |Sn+1 : (Sn+1, ∂Sn+1)→ (D
2 × T n−1, ∂D2 × T n−1)
is a non-zero degree map. It follows from geometric measure theory
that there is a properly embedded free-boundary smooth hypersuface
Σ′n+1 ⊂ M which minimizes volume in (M, g) and represents the class
[Sn+1] ∈ Hn+1(M, ∂M). Since Σ
′
n+1 and Sn+1 represent the same ho-
mology class in Hn+1(M, ∂M), we have that
F |Σ′n+1 : (Σ
′
n+1, ∂Σ
′
n+1)→ (D
2 × T n−1, ∂D2 × T n−1)
has non-zero degree. Consider Σn+1 a connected component of Σ
′
n+1
such that Fn+1 := F |Σn+1 : (Σn+1, ∂Σn+1) → (D
2 × T n−1, ∂D2 × T n−1)
has non-zero degree. It follows from Lemma 33.4 in [9] that Σn+1 is
still a properly embedded free-boundary hypersurface which minimizes
volume in (M, g). Consider un+1 ∈ C
∞(Σn+1) a positive first eigen-
function for the second variation Sn+1 of the volume of Σn+1 in (M, g).
Define ρn+1 = un+1.
By a similar reasoning used to construct Σn+1, we obtain a properly
embedded free boundary connected smooth hypersurface Σn ⊂ Σn+1
which minimizes the weighted volume functional Vρn+1 and
Fn := F |Σn : (Σn, ∂Σn)→ (D
2 × T n−2, ∂D2 × T n−2)
has non-zero degree. Consider un ∈ C
∞(Σn+1) a positive first eigen-
function for the second variation Sn of Vρn+1 on Σn. We then define
ρn = unρn+1 and we continue this process.

Lemma 3.2. We have that Σ2 ∈ FM .
Proof. From Theorem 2.9 that Σ2 is a disk. Since there is a non-zero
degree map F2 : (Σ2, ∂Σ2) → (D
2, ∂D2), we have that ∂Σ2 is a curve
homotopically non-trivial in ∂M . Therefore, Σ2 ∈ FM . 
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Lemma 3.3. We have that,
1
2
inf RM |Σ2|g + infH
∂M |Σ2|g ≤ 2pi.
Moreover, if equality holds then R2 = inf R
M , H∂Σ2 = infH∂M and
uk|Σ2 are positive constants for every k = 2, · · · , n+ 1.
Proof. From the remark 2.2 and lemma 2.5
infH∂M ≤
n+1∑
p=2
〈∇2 log up, η2〉+H
∂Σ2.
This implies that
(3.1) infH∂M |∂Σ2|g ≤
n+1∑
p=2
∫
∂Σ2
〈∇2 log updσ2, η2〉+
∫
∂Σ2
H∂Σ2dσ2.
From lemma 2.7, we have that
Rˆ2 = R2 − 2
n+1∑
p=2
u−1p ∆2up − 2
∑
2≤p<q≤n+1
〈∇2 log up,∇2 log uq〉
= R2 − 2
n+1∑
p=2
u−1p ∆2up −
∣∣∣∣∣
n+1∑
p=2
Xp
∣∣∣∣∣
2
+
n+1∑
p=2
|Xp|
2,
where Xp := ∇2 log up. Since
u−1p ∆2up = ∆2 log up + |Xp|
2,
we have that
Rˆ2 = R2 − 2
n+1∑
p=2
∆2 log up −
∣∣∣∣∣
n+1∑
p=2
Xp
∣∣∣∣∣
2
−
n+1∑
p=2
|Xp|
2.
Since Rˆ2 ≥ inf R
M , we obtain
1
2
inf RM |Σ2|g ≤
1
2
∫
Σ2
Rˆ2dv2
=
1
2
∫
Σ2
R2dv2 −
n+1∑
p=2
∫
Σ2
∆2 log updv2
−
1
2
∫
Σ2
∣∣∣∣∣
n+1∑
p=2
Xp
∣∣∣∣∣
2
dv2 −
1
2
n+1∑
p=2
∫
Σ2
|Xp|
2dv2
≤
1
2
∫
Σ2
R2dv2 −
n+1∑
p=2
∫
Σ2
∆2 log updv2.
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It follows from Divergence Theorem that
(3.2)
1
2
inf RM |Σ2|g ≤
1
2
∫
Σ2
R2dv2 −
n+1∑
p=2
∫
∂Σ2
〈∇2 log up, η2〉dσ2.
By inequalities (3.1) and (3.2), we have that
1
2
inf RM |Σ2|g + infH
∂M |∂Σ2|g ≤
1
2
∫
Σ2
R2dv2 +
∫
∂Σ2
H∂Σ2dσ2.
Therefore, from Gauss-Bonnet Theorem, we obtain
1
2
inf RM |Σ2|g + infH
∂M |∂Σ2|g ≤ 2piX (Σ2) = 2pi.
However, note that if holds equality then the field Xp = 0 for every
p = 2, · · · , n + 1. It follows that up|Σ2 are positive constants for every
p = 2, · · · , n + 1. Consequently, R2 = Rˆ2 ≥ inf R
M and H∂Σ2 ≥
infH∂M . Therefore, from Gauss-Bonnet theorem, we have that R2 =
inf RM and H∂Σ2 = infH∂M .

Corollary 3.4. We have that,
1
2
inf RMA(M, g) + infH∂ML(M, g) ≤ 2pi.
Moreover, if equality holds then R2 = inf R
M , H∂Σ2 = infH∂M and
uk|Σ2 are positive constants for every k = 2, · · · , n+ 1.
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